We discuss the use of R, 
Introduction
In a previous article [4] we discussed the use of Minitab® [1] for teaching statistics in higher education to students who may find mathematical subjects difficult and who may be studying statistics for the first time. Here we turn our attention to the use of another package R [9] in more advanced, specialized teaching. R is a free software environment for statistical computing and graphics that is now widely adopted for teaching statistics and related modules in the UK and throughout the world. In recent years, R, together with the excellent and easy to use editor Tinn-R [5] or R's own script editor, was used to enhance the student learning experience on a twenty credit module, Financial Mathematics and Statistics, offered on the MScs in Applied and Computational Mathematics and in Applied Statistics at the University of Plymouth. Ten credits of the material is taught, in a somewhat simplified form, to Stage 4 (final year) students on a variety of business related programmes. R has proved invaluable for illustrating a variety of complicated ideas, and for engaging students in discussions about more standard statististical techniques. The use of R in this module has also provided students with additional opportunities to develop their programming abilities, a very valuable transferable skill.
In section 2 we describe some of the topics covered on the Financial Mathematics and Statistics module. The use of R to illustrate and explore one of these, elementary stochastic calculus, is discussed in section 3, whilst R's role in teaching another, how to find the price of a financial product called a European option, is discussed in section 4. The option price can be expressed as an expectation, which can be estimated using the Monte Carlo method, and in section 5 we discuss how we can use R to illustrate features of this Monte Carlo methodology. Finally, in section 6 we briefly present our conclusions. R code to produce all the figures in this paper is available from the authors.
Financial Mathematics and Statistics Module
Much of the material taught on the Financial Mathematics and Statistics module is motivated by the problem of pricing option contracts and is loosely based on the excellent text by Mikosch [8] . A European call (or put) option is a contract purchased at time t = 0 which entitles the purchaser to buy (or sell) at expiry time t = T an underlying asset at a fixed price K known as the strike price. Examples of an underlying asset could be a share or some quantity of oil. The problem of pricing option contracts has received considerable attention in the literature, and we will not revisit it here; see the seminal work by Black and Scholes [3], Merton [7] and Mikosch [8] , amongst many others, for a concise summary. The option contract price, known as the rational or fair price, can be found using arguments based on stochastic calculus via the Itô Lemma and associated results; alternatively, a change of measure approach via Girsanov's Theorem can be employed. Full details are given in Mikosch [8] , for example. Considerable time in the module is therefore given to developing and exploring some of the ideas behind elementary stochastic calculus. Once the fundamental concepts and definitions have been established, they are used to derive the option rational price. The rational price itself depends on five quantities: X 0 , the initial value of the asset; K, the strike price; T, the option expiry time; σ, the volatility of the asset value; and r the interest rate. The dependence of the rational price on these five quantities is explored in detail. Next, the alternative derivation of the rational price using a change of measures approach is presented. This leads to an expression for the rational price as an expectation, which can be estimated using the Monte Carlo method; see Rizzo [10] , for example. Other topics in the module include stochastic differential equations, interest rate models, foreign exchange and value at risk, but we will not refer to them again. 
Illustrating Brownian motion, geometric
and if B t has a continuous sample path, i.e. there are no gaps. This definition can be quite daunting for students meeting it for the first time due to its rather abstract nature. It is, however, straightforward to get students to write a simple R function to plot (an approximation of ) a Brownian motion sample path. This can be set as an exercise, once the algorithm to generate sample paths has been explained. Students will become familiar with R functions such as rnorm and cumsum and with some of R's plotting capabilities when doing this exercise. It also provides the instructor with the opportunity to discuss density estimation and the use of R's density function; see Silverman [11] and Venables and Ripley [14] .
Brownian motion is the basic ingredient of geometric Brownian motion, a commonly adopted model for the value X t of an asset at time t Є [0, T]. Geometric Brownian motion takes the form:
where X 0 is the initial value, and µ is known as the drift and σ the volatility. There are various ways of estimating µ and σ, one of which uses historical data. Students can easily modify their Brownian motion sample path plotting function to plot geometric Brownian motion sample paths. Their modified function can be used to explore the roles of µ and σ, as illustrated in Fig 2, also be used for downloading indices such as the FTSE and exchange rates. Downloaded share values can be transformed to Y t = log X t − log X t−1 , t =2, 3,..., where log is to the base e, which should follow a normal distribution if X t follows geometric Brownian motion. At this point the instructor can engage students in a discussion about checking goodness-of-fit and introduce them to the qqPlot function from the car package [2] as an example of a tool for doing this. Students can also be asked to provide estimates of µ and σ from the downloaded historical data, providing the instructor with further opportunity to discuss statistical estimation concepts.
The rules of stochastic calculus are different from the rules of ordinary calculus. Following the approach taken in Riemann integration, we may define the random integral " 0 1 B t dB t as the following limiting sum: The students can quite easily modify their Brownian motion R function to evaluate the sum in (2) for a finite value of n, and to compare the random value of this approximating sum with the random limit (B 2 1 -1)/2. R's function diff will play a part in evaluating ∑ n i =1 B t i −1 (B t i − B t i −1 ), as will vector subsetting using [ ] to omit B t n . Students can get an appreciation of the effect of choosing different values of n on the accuracy of this approximation, and this can be quantified using mean square error. This is illustrated in Fig 3, which also provides the instructor with an opportunity to discuss how the quality of the approximation depends on n. Students can also investigate the effect of changing the definition of the sum in (2) to ∑ n i =1 
B t i (B t i − B t i

Exploring the rational price of an option with R
We have already mentioned that arguments from stochastic calculus via the Itô Lemma and associated results can be used to find the price of an option. It turns out that the price of a European call option is:
in which Φ is the cumulative distribution function of a standard normal random variable supplied by the R function pnorm,
and h(T, X 0 ) = g(T, X 0 ) -σ√ -T. This price is seen to depend on five quantities: X 0 , the initial value of the asset; K, the strike price; T , the option expiry time; σ, the volatility of the asset value; and r the interest rate. The price does not, however, depend on drift µ. Students can be set an exercise of writing an R function that takes the five dependent quantities X 0 , K, T , σ and r as arguments and returns the rational price (3). Students can check the prices returned by their function with those given by the GBSOption function of Using R for teaching financial mathematics and statistics -Julian Stander and John Eales [12] packages and that enhances student exploration of the effect of X 0 , K, T , σ and r on option price, is available from the authors.
Meeting the GBSOption function of the fOptions [16] package has the spin-off of introducing students to general option pricing software. They can be asked to explore functions for pricing more complicated or exotic options such as barrier options in similar packages such as fExoticOptions [15] ; see Joshi [6] for the definition of barrier and other options.
Estimating the rational price of an option using a Monte Carlo approach with R
We have already stated that a change of measure approach via Girsanov's Theorem can be employed to price options. For the European call option the rational price can be shown to equal:
in which X T = X 0 exp(µT + σB T ) as before, (Y) + = max(0,Y), and
The expectation in (4) is taken over the random variable B T ~ N(0,T ); see Mikosch [8] , for example, for full discussion.
As the value of the rational price does not depend on drift µ, µ is a free parameter and can be set to any value. A commonly used choice for µ is r -1 -2 σ 2 , yielding q = 0 in (5) and a simplification of (4) which, upon substitution of X T , takes the form:
in which the expectation is over the random variable Z ~ N(0, 1); the expression (6) makes use of the fact that B T and √ -TZ have the same N(0,T ) distribution. To avoid working out this expression analytically, we can estimate (6) using the Monte Carlo method as:
in which Z i ~ N(0, 1), i =1,...,n, are a random sample of size n that can be generated using R's rnorm function; see Rizzo [10] for detailed discussion of Monte Carlo estimation. Such a Monte Carlo estimation procedure can be used to price more complicated options for which an analytic treatment may not be available. Students can be set an exercise of writing an R function that allows them to evaluate (7). They can then compare the resulting rational price estimate with the price yielded by their own rational price function or the GBSOption function of the fOptions [16] package with which they are already familiar. By running their function many times using a for loop or via replicate they can get a feel for the variation associated with (7) and for the effect of increasing sample size n on the bias and standard deviation of the estimates (standard errors). This can provide them with a much better understanding of the Monte Carlo estimation method itself. The European put option (recall that the put option is the right to sell an asset, while the call option is the right to buy it) can be easily priced by changing (X T − K ) + in (4) into (K − X T ) + and making the associated changes in (6) and (7). Fig 5 encapsulates all these ideas for n = 100 and n = 10000, and can inform discussion about the effect of sample size on Monte Carlo error.
An extended exercise could investigate the effect of the choice of the free parameter µ on Monte Carlo error. A different exercise could modify (4) and the resulting Monte Carlo methodology to price more complicated options such as barrier options. Both these would enhance student understanding and extend knowledge. A more advanced task would involve investigating the effect of making changes to the underlying distributional assumption (1) and could lead to interesting discussions about the Central Limit Theorem, especially if distributions with heavier tails than the normal are considered.
Conclusions
In this paper, we have illustrated some of the ways in which R [9] , a free software environment for statistical computing and graphics, can be used in teaching financial mathematics and statistics. In particular, R can be employed to give students a better understanding of Brownian motion and geometric Brownian motion, the commonly adopted model for the value of an asset. R can also be used to demonstrate Using R for teaching financial mathematics and statistics -Julian Stander and John Eales some of the ideas of elementary stochastic calculus, such as stochastic integration. It can then be utilized to calculate the rational price of a financial product called an option and to explore how rational price depends on other quantities such as interest rate. The rational price can also be expressed as the expectation of a random quantity. This can be estimated by using a Monte Carlo approach, and we have described how R can be employed to give students an enhanced understanding of this Monte Carlo estimation method. In addition, we have introduced a selection of packages and mentioned some useful available functions, and we have provided suggestions for exercises and further work to extend student knowledge and understanding.
In conclusion, we believe that the use of R on our Financial Mathematics and Statistics modules has substantially enhanced the student learning experience by providing a sophisticated vehicle for the illustration and discussion of a range of financial and statistical concepts. It has also provided students with additional opportunities to develop valuable programming skills. We owe a great debt of gratitude to all who have volunteered their time and expertise to create the wonderful resource that is R and its contributed packages. 
